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Abstract
We revisit the semiclassical computation of the fluctuation spectrum around different
circular string solutions in AdS5 × S5 and AdS4 ×CP3, starting from the Green-Schwarz
action. It has been known that the results for these frequencies obtained from the algebraic
curve and from the worldsheet computations sometimes do not agree. In particular,
different methods give different results for the half-integer shifts in the mode numbers of
the frequencies. We find that these discrepancies can be removed if one carefully takes
into account the transition matrices in the spin bundle over the target space.
1 Introduction
In this note we revisit the computation of the semiclassical spectrum of fluctuations
for circular strings. The semiclassical frequencies have been computed for various string
configurations both in AdS5×S5 and in AdS4×CP3, by direct expansion of the worldsheet
Green-Schwarz action (see e.g. [1, 2, 3, 4, 5]), and using the algebraic curve technique
(see e.g. [6, 7, 8, 5]). In general the results of the two methods agree, but still there are
some discrepancies.
A typical frequency for a fluctuation of polarization (i, j) and mode number n has the
form
ωijn = ω
ij
0 + Ω
ij(n− nij0 ) , (1.1)
where ω0 is some constant shift, n0 is a shift of the mode number (in general, half-integer),
and Ωij(n) is some function. Worldsheet (WS) and algebraic curve (AC) approaches give
the same function Ωij(n), but the constants ω0 and n0 sometimes do not agree. The integer
part of n0 is a matter of labeling the frequencies, or a matter of choosing the cutoffs in
the sum over n that gives the one-loop correction to the energy. For the discussion of
regularization and prescriptions for labeling the frequencies see [9, 8, 4, 5].
In this paper we discuss the half-integer shifts nij0 , which cannot be absorbed into
relabeling. One can note that there are contradictions in the literature concerning the
half-integer shifts for fermionic modes of circular strings (see App. E of [6]). The results
of worldsheet and algebraic curve computations can be found in tab.1 and tab.2. For the
sl(2) string in AdS5 × S5 the WS method gives frequencies with integer mode numbers
[2], while the AC gives non-trivial shifts [6]. The mode numbers are also taken integer in
[10, 11]. For the su(2) string in AdS5×S5 the WS can give half-integer mode numbers for
one form of solution [1] and integer mode numbers for another [12]1. The mode numbers
are also taken integer in [13, 11] and half-integer in [14, 15]. In AdS4×CP3 for the su(2)
string the WS and the AC results agree [5], while for the sl(2) the half-integer shifts for
fermions are again different [4, 17].
The half-integer shifts in the mode numbers for fermionic modes are related to the
fermionic boundary conditions (f.b.c.): switching from periodic to antiperiodic fermions
produces an extra 1/2 shift in the mode numbers. The discrepancies listed above suggest
that the f.b.c. in the WS approach are being chosen somehow improperly. If the target
space were not simply connected, the f.b.c. for the string that winds around a non-
trivial cycle indeed could be chosen either periodic or antiperiodic, depending on the spin
structure. It corresponds to the fact that in the spin bundle the two edges of the chart that
wraps the cycle can be glued either with matrix 1 or −1 from the Spin group. Changing
periodic to antiperiodic f.b.c. for a string that winds m times around the cycle would
produce a shift m/2 in the mode numbers — exactly what we need!
Thus the idea is to construct carefully the spin bundle over the target space. In the
WS calculations the target space is usually parametrized by angular coordinates. They
are defined in a “big” chart, but the neighborhoods of the coordinate singularities must
be glued up with small extra patches with Cartesian coordinates. The “big” chart is not
simply connected, and thus has several spin structures, but only one of them comes from
the restriction of the spin bundle over the whole target space. We prove that the spin
structure that can be continued from the “big” chart to the whole space is the one that
has transition matrices −1 on the cycles of the “big” patch. The f.b.c. corresponding to
the correct spin structure give frequencies that do agree with the algebraic curve.
1We thank A. Tseytlin for pointing out this disagreement to us.
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One way to avoid these complications with spin structures is to start with the coset
form of the GS action, where one does not need to choose any particular coordinates on
the target space. For AdS5 × S5 it has been checked indeed (see App. E of [6]) that the
frequencies for circular strings, computed starting from the coset action, agree with the
algebraic curve without any further modifications. For the string in AdS4 × CP3 it has
been checked [16] that the GS action of [4] can be obtained from the coset action after a
non-periodic rotation of fermions, which indicates problems with periodicity.
For the sl(2) circular string in AdS4 × CP3 there is also a disagreement between
WS [4] and AC [17] for the bosonic CP light modes. In the paper we explain that this
disagreement is due to the specific choice of the classical solution in [4], which becomes
non-periodic when a fluctuation is added to some of the string coordinates.
The paper is organized as follows. In section 2 we explicitly construct the spin bundles
for manifolds of interest. Sections 3 and 4 contain the discussion of fermionic frequencies
for the circular strings in AdS5 × S5 and AdS4 × CP3, respectively. In section 5 we
present our conclusions. The discussion of the CP bosonic frequency for the sl(2) string
is presented in the Appendix.
2 Spin bundles and angular coordinates
Recall [18] that a vector bundle over a man-
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Figure 1: Charts and transition functions
for the tangent and spin bundles over disk
with polar coordinates.
ifold can be defined by specifying a set of charts
covering the manifold, plus a system of tran-
sition functions on the intersections. For the
tangent bundle the orthonormal frame in each
chart is the vielbein, and the transitions matri-
ces hSO(t) are valued in SO(n). For the spin
bundle the transition matrices hSpin(t) are val-
ued in Spin(n), which is a double cover of the
SO(n) group, Spin(n)
p−−→ SO(n). If the spin
bundle comes from the reduction of the tangent
bundle, then its transition matrices cover in each
point the transition matrices of the tangent bun-
dle, p {hSpin(t)} = hSO(t).
For a spin manifoldM the spin structures are
classified by homomorphisms Hom(π1(M),Z2), i.e. for each fundamental cycle we can
choose transition matrix 1 or −1 ∈ Spin(n) (equivalently, R or NS boundary conditions
for the fermions). For a simply connected spin manifold the spin structure is unique.
As an example consider a unit two dimensional disk (see fig. 1). In standard polar
coordinates (ρ, α) the metric and the vielbein are
ds2 = dρ2 + ρ2dα2 ,
e1 = ∂ρ , e2 =
1
ρ
∂α . (2.1)
The polar coordinates are good only in the cylinder ǫ < ρ < 1, which we call the (ρ, α)-
chart. On the two ends of this chart, α = 0 and α = 2π, the frames in the tangent bundle
are glued via identity matrix. The vicinity of the origin, ρ < ǫ, must be covered with
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another chart2 with flat coordinates x, y. On the intersection the vielbeins (e1, e2) and
(∂x, ∂y) are glued via an SO(2) ≈ U(1) transformation, which in complex notations acts
as
e1 + ie2 = hSO · (∂x + i∂y) , hSO(ρ, α) = e−iα . (2.2)
In two dimensions Spin(2) ≈ U(1), the projection p acts as p {hSpin} = (hSpin)2. For our
transition function hSO(ρ, α) the spin covering is
hSpin(ρ, α) =
√
hSO(ρ, α) = e
−iα/2 , (2.3)
which is not periodic. It means that the α = 0 and α = 2π ends of the (ρ, α)-chart must
be glued with transition function (−1) ∈ Spin(2) for the spin bundle.
We would like to stress again that on the cylinder we are free to take any of the two
spin structures (i.e., periodic or antiperiodic fermions). Examination of how the endcap
is glued to the cylinder allows us to choose the unique spin structure, which is realized on
the simply connected disk.
Now let us consider how the spin structure is realized on the odd-dimensional sphere
in angular coordinates. For instance, take S5. The coordinates are chosen as
z1 = ρ1e
iα1 ,
z2 = ρ2e
iα2 , (2.4)
z3 = ρ3e
iα3 ,
where
∑
ρ2i = 1, ρi ≥ 0 and in principle ρi are expressed in some way in terms of two
angular coordinates θ1, θ2. This coordinate system is good in the “big” chart ρ1,2,3 > ǫ
which has topology T 3 × I2, where I2 is a triangle. The rest of S5 is covered by six
intersecting patches, where the pairs (ρi, αi), for which ρi < ǫ, are replaced by Cartesian
coordinates xi = ρi cosαi, yi = ρi sinαi.
The “big” chart is not simply connected, and there can be 23 = 8 spin structures on it,
but only one of them is realized as a restriction of the unique S5 spin structure. To fix it we
consider the intersection3 of the “big” chart with the chart ρ1 < ǫ, ρ2,3 > ǫ parameterized
by ρ2, α2, α3 and Cartesian coordinates x1, y1. The coordinates ρ2, α2, α3 are the same on
the two sides of the intersection, and can be safely forgotten — the transition matrix acts
trivially in these directions. Thus we are exactly in the situation of our previous example
with the disk. The frame (∂ρ1 ,
1
ρ1
∂α1) rotates on 2π w.r.t. the frame (∂x1 , ∂y1) when going
around the intersection of two patches. Since this rotation is a non-trivial cycle in SO(5),
it cannot be covered by a cycle in Spin(5) and an additional cut in the “big” chart is
required, where the transition matrix for the spin bundle is −1 ∈ Spin(5). This cut goes
along the hypersurface α1 = const. A little subtlety is that this argument deals with the
frame (∂ρ1 ,
1
ρ1
∂α1 , ∂ρ2 , ∂α2 , ∂α3), which is not the vielbein. But for ρi = const this frame is
related to the vielbein simply by multiplication by a constant matrix.
In the same way there are cuts along the hypersurfaces α2 = const and α3 = const,
where the trivial transition matrix 1 ∈ SO(5) is covered by matrix −1 ∈ Spin(5). Thus
we have found the spin structure on the “big” patch which comes from the unique spin
structure on S5.
2For simplicity we write for the charts ρ < ǫ or ρ > ǫ, but of course it is implied that the charts are a
bit larger, so that they overlap.
3More exactly, the slice of this intersection for constant coordinates ρ2, α2, α3.
3
Another example which is important for us is CPn. Let the coordinates be
z1 = ρ1e
iα1 ,
. . .
zn = ρne
iαn , (2.5)
zn+1 = ρn+1 ,
where
∑
ρ2i = 1 and we have also fixed the phase of zn+1 to be zero. Just as in the case
of sphere one can see that for the spin bundle there are cuts in the “big” chart along
the hypersurfaces αi = const with transition matrix −1 ∈ Spin(2n). Considering the
intersection of the “big” chart with the chart ρn+1 < ǫ we find that there should also be
a cut in the cycle parameterized by
∑n
i=1 αi, or by αn+1 in another gauge. It implies the
equation (−1)n = −1, i.e. that n is odd. But that is just the well known fact that the
projective space CPn is not spin for n even.
3 Circular strings in AdS5 × S5
We take the angular coordinates as in [1],
Y0 = cosh ρ e
it , Y1 = sinh ρ sin θe
iϕ1 , Y2 = sinh ρ cos θe
iϕ2 ,
X1 = sin γ cosψe
iφ1 , X2 = sin γ sinψe
iφ2 , X3 = cos γe
iφ3 , (3.1)
where Yi and Xi are the embedding coordinates for AdS5 and S
5 respectively. The angular
coordinates vary in the range 0 ≤ ψ ≤ π/2, 0 ≤ θ ≤ π/2, 0 ≤ γ ≤ π/2, 0 ≤ φ1,2 < 2π,
0 ≤ ϕ1,2 < 2π.
3.1 The su(2) circular string
For the su(2) circular string two forms of the solution have been considered in the literature
[1, 12]. For both of them t = κτ , ρ = 0, γ = π/2, φ3 = ντ , and the other coordinates are
first form [12]: ψ = π/4 , φ1 = wτ +mσ , φ2 = wτ −mσ ,
second form [1]: ψ = mσ , φ1 = wτ , φ2 = wτ .
(3.2)
The two forms are related by an SO(6) rotation in S5, but amazingly the fermionic
frequencies for them obtained by explicit semiclassical computation are different. For the
second form the mode numbers of the frequencies are half-integer [1], while for the first
form they are integer (see tab.14), as one can easily check along the lines of [1]. It is
natural to expect that this discrepancy is some coordinate artefact. Indeed we show that
it disappears after taking into account the transition functions of the spin bundle.
In what follows we take τ = 0 for simplicity. In both forms the string lies in the
coordinate singularities for the AdS angular coordinates and φ3 in S
5. To make sense of
the solution we deform it slightly, γ → π/2+ ǫ1, ρ→ 0 + ǫ2, moving it to the region with
well defined vielbein.
According to the result of the previous section, in the “big” chart on S5 there are cuts
along three hypersurfaces φ1,2,3 = const, on which the spin bundle has transition matrix
4Note that all the formulae in our paper are valid only up to integer shifts in the mode-numbers, which
we do not consider here. We also ignore the constant shifts of the frequencies.
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Table 1: Fermionic frequencies for the circular strings in AdS5 × S5 according to worldsheet
(ws) [1, 12, 2] and algebraic curve (ac) [6] calculations. Here ws1 and ws2 denote ws-calculations
for the first and the second form of the su(2) solution, respectively. w˜s denotes the worldsheet
result with our modification of fermionic periodicity taken into account. For the notations see
tab.3. Our expressions are correct up to constant shifts of the frequencies and integer shifts in
the mode numbers.
su(2)
ws1 ws2 w˜s ac multiplicity
ωF1n ω
F1
n+m/2 ω
F1
n ω
F1
n ×8
sl(2)
ws w˜s ac multiplicity
ωF2n
ωF2−n
ωF2n+m/2+k/2
ωF2−n+m/2+k/2
ωF2n+m/2−k/2
ωF2−n−m/2−k/2
×4
×4
−1. For a string crossing such a cut once the boundary conditions for the fermions should
be changed to antiperiodic. The solution in the first form crosses the cut in φ1 m times
and the cut in φ2 m times. Hence for any integer m the fermionic boundary conditions
remain periodic, and the naive answer for the fluctuation frequencies is correct.
For the second form of solution the problem is more complicated. The string does not
cross the cuts, but it passes just through the φ1 and φ2 coordinate singularities, and it
cannot be moved from the singularities by a small deformation of the solution. Also, for
this solution it is assumed that ψ can run from 0 to 2π, and it means that the associated
vielbein is different from what we have chosen. In principle one can construct the system
of patches such that ψ can run up to 2π, but we choose to take the solution in the form
where ψ does not run out of the [0, π/2] interval. Then the string is divided into four
parts (we take m = 1),
σ ψ φ1 φ2
1 0→ π/2 σ 0 0
2 π/2→ π π − σ π 0
3 π → 3π/2 σ − π π π
4 3π/2→ 2π 2π − σ 2π π
In what follows we revisit the calculation of fermionic frequencies of [1], closely fol-
lowing the notations of that paper. After the κ-symmetry fixing the fermionic part of the
Lagrangian is
LF = 2iθ¯Dθ , (3.3)
D = −ρaDa + 1
2
ǫabρaΓ01234ρb ,
Da = ∂a +
1
4
ωABa ΓAB , ρa = ∂aX
µeAµΓA , ω
AB
a = ∂aX
µωABµ , (3.4)
where eAµ is the vielbein and ω
AB
µ is the spin connection.
The boundary conditions for θ on the transitions between regions 1,2,3,4 are non-
trivial, because the vielbein is rotated by π when a singularity is crossed. More careful
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inspection shows that the following boundary conditions should be imposed,
θ2(π/2) = e
pi
2
Γ78 θ1(π/2) ,
θ3(π) = e
pi
2
Γ79 θ2(π) ,
θ4(3π/2) = e
−pi
2
Γ78 θ3(3π/2) ,
θ1(2π) = e
−pi
2
Γ79 θ4(2π) ,
where the subscripts 1,2,3,4 label the region where θ is taken. For example, these boundary
conditions say that upon crossing the singularity between regions 1 and 2 the frame is
rotated by −π in the 78-plane, and hence the variable θ should be rotated by π. The
direction of rotation is important since a 2π rotation of spinors produces minus one. The
directions can be unambiguously defined only after the cuts in the “big” chart have been
chosen.
Upon substituting everything to the eq. (3.3), the operator D takes the form
D = (κΓ0 + wΓ8˜)(∂τ −
1
2
νΓ65 +
1
2
wΓ9˜7)− sΓ7∂σ + swΓ7Γ8˜Γ01234 , (3.5)
where s = ∂σψ = ±1 and
Γ8˜ = Γ8 cosψ + Γ9 sinψ , Γ9˜ = Γ9 cosψ − Γ8 sinψ . (3.6)
To remove the σ dependence that enters the equation through ψ(σ) we apply a rotation
in the 89-plane,
θ = e−
1
2
ψΓ89 θ˜ , (3.7)
After that the operator takes the form
D˜ = (κΓ0 + wΓ8)(∂τ − 1
2
νΓ65 +
1
2
wΓ97)− sΓ7∂σ + 1
2
Γ7Γ89 + swΓ7Γ8˜Γ01234 . (3.8)
The boundary conditions change as follows,
θ˜2(π/2) = e
pi
4
Γ89 e
pi
2
Γ78 e−
pi
4
Γ89 θ˜1(π/2) ,
θ˜3(π) = e
pi
2
Γ79 θ˜2(π) ,
θ˜4(3π/2) = e
pi
4
Γ89 e−
pi
2
Γ78 e−
pi
4
Γ89 θ˜3(3π/2) ,
θ˜1(2π) = e
−pi
2
Γ79 θ˜4(2π) .
After one more change of variables
θ˜1 = θˆ1 ,
θ˜2 = e
−pi
2
Γ79 θˆ2 ,
θ˜3 = θˆ3 ,
θ˜4 = e
pi
2
Γ79 θˆ4
the alternating sign s disappears from D˜, and the boundary conditions become trivial
periodic, giving us frequencies with integer mode numbers. We conclude that after taking
into account the transition matrices the agreement between two worldsheet calculations
of frequencies is restored, and they also agree with the algebraic curve result (see tab.1).
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3.2 The sl(2) circular string
The next example is the sl(2) circular string. The classical string motion is described by
[2]
t = κτ , ρ = ρ0 , θ = π/2 , ϕ1 = wτ + kσ ,
γ = π/2 , ψ = 0 , φ1 = wτ −mσ . (3.9)
For the spin bundle over AdS5 similarly to the sphere there are cuts along the hyperplanes
ϕ1 = const and ϕ2 = const. After a small deformation of the solution, γ → π/2 + ǫ,
the string crosses the ϕ1 cut k times and the φ1 cut m times. Hence for even k +m the
naive result for the frequencies is correct, while for odd k +m the mode numbers should
be shifted by 1/2. Up to integer shift the result can be concisely written as ωn+k/2+m/2,
where ωn is the naive result without cuts. Note that the corrected answer agrees with the
algebraic curve (tab.1).
4 Circular strings in AdS4 × CP3
4.1 The su(2) circular string
The su(2) circular string in AdS4×CP3 has been considered in a recent paper [5]. In that
paper the following parametrization of the homogenious coordinates is taken,
Z1 = cos ξ cos
θ1
2
ei(ψ+φ1)/2 ,
Z2 = cos ξ sin
θ1
2
ei(ψ−φ1)/2 ,
Z3 = sin ξ cos
θ2
2
ei(−ψ+φ2)/2 ,
Z4 = sin ξ sin
θ2
2
ei(−ψ−φ2)/2 .
The metric is
ds2AdS4 = − cosh2 ρ dt2 + dρ2 + sinh2 ρ (dθ2 + sin2 θdϕ2) , (4.1)
ds2
CP
3 = dξ2 + cos2 ξ sin2 ξ
(
dψ +
1
2
cos θ1dφ1 − 1
2
cos θ2dφ2
)2
+
1
4
cos2 ξ(dθ21 + sin
2 θ1dφ
2
1) +
1
4
sin2 ξ(dθ22 + sin
2 θ2dφ
2
2) .
The circular string solution looks like
t = κτ , ρ = 0 ,
ξ = π/4 , θ1 = θ2 = π/2 , ψ = mσ , φ1 = φ2 = ωτ . (4.2)
It is tempting to say that there is a cut along ψ = const, which the string crosses m
times, thus producing an extra shift m/2 in the mode numbers. But that would be a
wrong answer. First it is necessary to fix the range of variation of the angular coordinates
ψ, φ1, φ2. The minimal periods for them are
∆ψ = (n1 + n2 − n3)π ,
∆φ1 = 2(n1 − n2)π ,
∆φ2 = 2n3π , n1,2,3 ∈ Z . (4.3)
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Of course, these coordinates are separately periodic with periods 2π for ψ and 4π for φ1,2,
but these are not the minimal periods. These angles are related to the manifestly periodic
angles of (2.5) as follows,
ψ = (α1 + α2 − α3)/2 ,
φ1 = α1 − α2 ,
φ2 = α3 , (4.4)
Hence on the solution α1 = mσ and α2 = mσ (as usual, here τ = 0). The string crosses
the α1 cut and the α2 cut 2m times in total, thus there are no additional half-integer
shifts in the fermionic mode numbers, and the worldsheet result of [5] is correct.
4.2 The sl(2) circular string
The sl(2) circular string in AdS4×CP3 has been considered in [4]. The coordinates used
there are:
Z1 = e
iα1 cos ζ1 ,
Z2 = e
iα2 sin ζ1 cos ζ2 ,
Z3 = e
iα3 sin ζ1 sin ζ2 cos ζ3 ,
Z4 = sin ζ1 sin ζ2 sin ζ3 ,
Zi being the homogenious coordinates. The variables αi are 2π-periodic, and ζi vary from
0 to π/25. The AdS coordinates are as in the previous subsection. The CP metric is
ds2
CP
= dζ21 + sin
2 ζ1
[
dζ22 + cos
2 ζ1(dα1 − cos2 ζ2dα2 − sin2 ζ2 cos2 ζ3dα3)2
+ sin2 ζ2(dζ
2
3 + cos
2 ζ2(dα2 − cos2 ζ3dα3)2 + sin2 ζ3 cos2 ζ3dα23)
]
. (4.5)
For the solution considered in [4]
t = κτ , ρ = const , θ =
π
2
, ϕ = wτ + kσ ,
ζ1 =
π
4
, ζ2 = ζ3 =
π
2
, α1 = ωτ +mσ , α2 = α3 =
1
2
(ωτ +mσ) . (4.6)
It appears that this solution is problematic. The submanifold ζ2 = ζ3 =
pi
2
is singular
for α2 and α3, and it is impossible to move the string from this singularity, because it
becomes non-periodic after the deformation ζ2,3 → π/2 + ǫ. To fix the problem we take
another solution that differs from this one only by the values of singular coordinates, i.e.
describes the same motion of the string in the target space, but can be moved from the
singularity. We set
ζ1 =
π
4
, ζ2 = ζ3 =
π
2
, α1 = ωτ +mσ , α2 = α3 = 0 . (4.7)
Actually, this is an example of a general phenomenon. For any circular string the τ
and σ dependence of the singular angular coordinates can be taken arbitrary, because
these coordinates drop out of the equations of motion and Virasoro constraints. But this
5Our angles are related to the variables of [4] as follows, α1 = τ1 + τ2 + τ3 = φ2 + φ3, α2 = τ2 + τ3 =
φ3 + φ1, α3 = τ3 = φ1 + φ2.
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dependence does enter the fermionic Lagrangian through the spin connection.6 To fix the
ambiguities one should take a more general solution that generically does not lie on the
singularity and then take the limit. For example, recall our discussion of the su(2) string
in AdS5×S5. The coordinate φ3 = ντ for that string is singular when γ = π/2, and hence
the parameter ν is not fixed by the equations of motion, but it does enter the Lagrangian
like ∂0 − 12νΓ65 + .... The correct value ν =
√
w2 −m2 is fixed after one takes a more
general solution with γ 6= π/2, see [1]. In the same way for the sl(2) string in AdS4×CP3
we can justify our choice of α2,3: for α2 = α3 = 0 there exists solution with arbitrary
values of ζ2 and ζ3, which is just a symmetry transformation of the solution (4.7).
We have repeated the computation of [4] for the modified solution (4.7). Essentially
all the difference from the computation of that paper is that in our case the CP part of
the spin connection is non-trivial. The projected spin connection is equal to
ω0 = 2κ sinh ρΓ01 + 2w cosh ρΓ31 + ω(Γ96 − Γ58) ,
ω1 = 2k cosh ρΓ31 +m(Γ96 − Γ58) , (4.8)
where the coordinates are enumerated as (t, ρ, θ, ϕ) ≡ (x0, x1, x2, x3) and (ζ1, ζ2, ζ3, α1, α2, α3) ≡
(x4, x5, x6, x7, x8, x9). Repeating the same steps as in [4], we arrive at the result for the
frequencies that is stated in tab.2. As expected, the different choice for the behaviour of
the singular coordinates has resulted in the shifts of the mode numbers, compared to [4].
Now the transition matrices of the spin bundle must be taken into account. The string
crosses the α1 cut in CP
3 m times, hence m/2 has to be added to the mode numbers. In
the same way a shift by k/2 comes from the cut in ϕ in the AdS4. Again, the resulting
frequencies agree with the algebraic curve (see tab.2).
Table 2: Fermionic frequencies for circular strings in AdS4 × CP3. The frequencies in the
columns ws1 and ws2 correspond to the solution (4.6)[4] and (4.7), respectively. The column ac
presents the result of the algebraic curve computation [17]. In the column w˜s our modification
of fermionic periodicity is taken into account. For the notations see tab.3. Our expressions are
correct up to constant shifts of the frequencies and integer shifts in the mode numbers.
su(2)
ws w˜s ac multiplicity
ωF12n/2
ωAn
ωF12n/2
ωAn
ωF12n/2
ωAn
×4
×4
sl(2)
ws1 ws2 w˜s ac multiplicity
ωF2n
ωF2−n
ω
A+
2n /2
ω
A−
2n /2
ωF2n
ωF2−n
ω
A+
2(n+m/2)/2
ω
A−
2(n+m/2)/2
ωF2n+m/2+k/2
ωF2−n+m/2+k/2
ω
A+
2(n+k/2)/2
ω
A−
2(n+k/2)/2
ωF2n+m/2−k/2
ωF2−n−m/2−k/2
ω
A+
2(n+k/2)/2
ω
A−
2(n−k/2)/2
×2
×2
×2
×2
6One can see that the dependence of a singular coordinate on τ changes the constant shifts in the
frequencies, and the dependence on σ changes the shifts in the mode numbers. The AdS5×S5 su(2)-string
and the AdS4 × CP3 sl(2)-string provide the examples.
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Table 3: Notations for the frequencies.
notation frequency
ωF1n
√
n2 + ω2
ωF2n
√(
n +
√
w2−ω2
2
)2
+ 1
2
(κ2 + ω2 −m2)
ωAn
√
n2 + κ2
ωA±n x : (x
2 − n2)2 + 4 sinh2 ρκ2x2 − 4 cosh2 ρ(wx− kn)2 = 0
ωSn
√
n2 + ω2 −m2
5 Conclusions
In this paper we have revisited the computation of semiclassical frequencies of circular
strings in AdS5 × S5 and AdS4 ×CP3, starting from the Green-Schwarz action. We have
found that in order to fix the correct fermionic boundary conditions one has to construct
accurately the system of transition matrices for the spin bundle over the target space.
After taking into account the transition matrices the modified worldsheet results agree
with the known algebraic curve frequencies (up to integer part of the mode number shifts,
which we do not discuss here). We have explicitly considered simple su(2) and sl(2)
strings, but our findings apply to any classical string that cannot be contracted without
crossing the coordinate singularities.
We have also explained a minor disagreement between the AC and WS computations
of bosonic spectrum for the sl(2) string living in AdS4 ×CP3. We point out that one has
to be especially careful dealing with strings that lie in singularity of some of the angular
coordinates. Also, all the problems discussed here do not appear in computations based
on the coset form of the string action.
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Appendix. Bosonic CP frequency
In this Appendix we comment further on the discrepancies between the worldsheet cal-
culation of [4] and the algebraic curve result [17]. The difference in fermionic frequencies
has been fixed in sec. 4, up to matters of regularization, but it appears that half-integer
shifts in some bosonic frequencies also do not agree, namely in the four “light” CP modes
(see tab.4). The origin of this disagreement is the following. As we have explained in
sec. 4, the solution (4.6) is problematic for calculation of the fermionic frequencies. For
the bosonic frequencies the problem with (4.6) is even more obvious: though it is periodic
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itself, it becomes non-periodic when a fluctuation in ζ2 or ζ3 is excited. We have calcu-
lated the bosonic frequencies for the corrected solution (4.7), and they do agree with the
algebraic curve (see tab.4). This computation is quite standard, so we do not present it
here. One starts with the bosonic Lagrangian
Lbos = gAdSµν ∂ayµ∂aynu + 4gCPµν ∂axµ∂axν , (5.1)
where the factor 4 comes from the fact that the CP radius is twice the radius of AdS. The
metric is as in equations (4.1) and (4.5). The coordinates xµ and yµ are the CP and AdS
angular coordinates. We expand the action (5.1) to the quadratic order near the solution
(4.7). The frequencies are then read off from the determinant of the matrix that appears
in the linearized equations of motion.
However, there is a little subtlety. The coordinates α2 and α3 are singular on the
solution (4.7), hence their fluctuations drop out from the action in the quadratic order.
To avoid this problem we actually expand near the symmetry transform of the solution
(4.7), for which ζ2 and ζ3 are arbitrary parameters, not equal to π/2. Of course, the
frequencies do not depend on them.
ws1 ws2 ac multiplicity
sl(2)
ωSn
ωS2n/2
ωSn
ωS2(n+m/2)/2
ωSn
ωS2(n+m/2)/2
×1
×4
Table 4: Bosonic CP modes for the sl(2) circular string in AdS4 × CP3. The frequencies in the
columns ws1 and ws2 correspond to the solution (4.6)[4] and (4.7), respectively. The column ac
presents the result of the algebraic curve computation [17].
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